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A mathematical model is presented to simulatethe evolutionwith time of a spark channel into a combustionwave.
The model considers the phenomenaassociated with electrical breakdown and arc phases, the plasma conductivity
and realistic transport coefficientsat high temperatures, and a detailed chemical reaction scheme. The growth of the
initial flame radius is calculated by a numerical integration of the model equations and compared with the
experimental observationof Tagalian and Heywood.
The time needed for the establishmentof a flame propagation in the "like-laminar'" regime was found to be
strongly dependenton the breakdownenergy and on the spark duration, and to a small extent on the initial pressure,
temperature, and residual gas fraction. The model was used also to examinequantitativelythe effect of some relevant
parameters on the cycle-to-cyclevariation in the steady-state burning velocityand it was concludedthat the cycle-tocycle variation is attributed mainly either to the inhomogeneityof the trapped mixture and/or to the cycle-to-cycle
variation in trapped conditions; a variation of 5% of the volumetricefficiency affects the burning velocity by some
_+13%.

INTRODUCTION
The cycle-to-cycle variation in a spark ignition
engine is primarily dependent on the history of the
flame propagation rate from the time of introducing the electrical spark. It was experimentally
observed [1, 2] that the manner in which the
electrical energy is released dominates the ignition
process. The evolution with time of the spark
channel into a self-sustained combustion wave is,
therefore, a most important process,
Several theoretical works [3-8] have been devoted to investigating the mechanism by which the
energy of an electrical discharge is converted into
activation energy; however, in parts of them [3-6]
the ignition process has been oversimplified by
Copyright © 1986 by The CombustionInstitute
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modeling the ignition source as a hot pocket of
burned gases. Kailasanath et al. [7] studied the
development of the temperature profile and the
effect of the spark-channel radius on the minimum
ignition energy of a hydrogen-air mixture. They
used a prescribed function for the time-dependent
energy deposition in the spark channel, and
prescribed function for the time-dependent energy
deposition in the spark channel, and assumed a
Gaussian profile in space with an increasing
characteristic radius. Refael and Sher [8] have
presented a mathematical model to simulate the
evolution with time of a short segment of spark
channel in a combustible mixture. The model
assumed an axisymmetric cylindrical flame propagation and electrical conducting column with
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moving boundaries. The radial profile of thetimedependent electrical energy input during the arc
phase was determined from the calculated plasma
conductivity. The present work adopted this model
and employed a chemical kinetic scheme for a
methane-air mixture. The methane fuel was selected here simply because it is the only alkane
fuel for which the chemical kinetics is well known,
The early stage of flame initiation in a spark
ignition engine Were studied experimentally by
several groups. Maly and Vogel [1] examined the
ignition of a combustible mixture by using a high
energy ignition system in which a large portion of
the energy is introduced during the breakdown
phase. In these cases a toroidal motion of the gas
around the channel axis was observed which
affected the time evolution of the igniton process.
De-Soete [9] and Gatowki et al. [10] studied the
propagation behavior of spark ignited flames
during the period of the first 10 ms and later, but
in both studies the photographic technique did not
allow a close look at the flame development during
the first tenths of 1 ms. Tagalian and Heywood
[11] measured the flame speed in the very early
stages of combustion in an operating, square
cross-section cylinder, spark igniton engine. Their
important observations seem to support the present
predictions.
THEORETICAL MODEL
The ignition of a combustible mixture by a spark
discharge may be considered to proceed in three
phases. In the first stage of the breakdown process
(10 ns), the electrical potential across the electrode
gap is increased until a breakdown on the intervening mixture occcurs. Ionizing streams then propagate from one electrode to the other. When a
streamer reaches the opposite electrode, the impedance of the gap decreases drastically and the
electrical current through the gap increases rapidly. This is associated with a very high temperature rise and a formation of a shock wave. The
breakdown phase is then followed by the arc phase
( - . 1 m s ) w h i c h is characterized by a high
electrical current through the mixture while the
plasma kernel inflates and endothermic reactions
followed by exothermic reactions occur. In the
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third phase ( - .2 ms) the flame front propagation
approaches a steady value while the flame thickness increases at a declining rate to reach a steady
state value at a later time. The present model
simulates the sequence of events during the arc
phase and during the very early stages when the
combustion wave, which has a cylindrical shape,
is formed. The phenomena occurring during the
breakdown phase are not considered in detail.
However, the results of this phase--the formation
of an ionized conducing column and the energy
losses by the shock wave--are considered as initial
conditions.
Initial Conditions
Following Maly and Vogel [1], the breakdown
phase is characterized by a very high peak value of
voltage ( - I0 kV) and a resultant current of about
200 A for the duration of 1-10 ns. At a very early
stage a cylindrical channel of about 40 #m in
diameter develops together with a pressure jump
and a rapid temperature rise. Maly and Vogel
observed that an increase in breakdown energy
does not manifest itself at higher kernel temperatures. Instead the channel diameter increases,
causing a larger activated gas volume. Refael and
Sher [8] showed that the hot plasma at this early
stage may be estimated by using a simple approach
which assumes that the breakdown energy Ebd is
introduced to the spark channel at a constant
volume process during which no significant chemical reactions occur, and that the high pressure
which is formed then results in the generation of a
shock wave which in turn reduces the pressure of
the kernel zone to the ambient pressure and
dissipates part of the energy to the surroundings.
Since the ratio between the initial temperature of
the mixture and the temperature of the spark
channel is much smaller than unity, the diameter d
of the cylinderical-shaped channel as formed by
this first phase may be estimated by the following
expression (Eq. 6, Ref. [8]),

Fk--I
d=2 l

~

Ebd-]l/2
Prt5 J

'

while its temperature is evaluated from

(1)

Ti/k,
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where Ti is the initial temperature of the plasma
during the breakdown period (Ref. [11]), k is the
specific heat ratio, P the chamber pressure, 6 the
electrode gap, and Ebd the energy introduced to the
mixture during the breakdown process.
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The driving function for the model during the arc
phase is the resistive heating of the plasma by the
electric current. The rate of the heat generation at
a segment is determined from Ohm's law by using
the expression for electrical conductivity of air at
atmospheric pressure as suggested by Plooster
[12]:
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where T is in °K and the average electron-ion
cross-section ai is given by
a i = 2 . 8 . 10 -6 , T - 2 . "
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Fig. 1. Somecalculated volt-ampere characteristics and the
resulting channel growth. Sparkduration = 50 t~s, breakdown
energy = .006 mJ, and the total energy introludced into the
intervening rnixture = 6.2 mJ.
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core falls down, and a self-sustained combustion
wave is established.
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Mass and Energy C o n s e r v a t i o n

In this expression A0, A I , and A2 express the
extent to which dissociation, first state, and second
state of the ionization process have gone to
completion. The present model uses the calculated
values for A0, A1, and A2 of Deschambault [13].
The time-dependent boundaries of the plasma are
defined, therefore, by the instantaneous field of
the temperature which determines the plasma
composition and hence the electrical conductivity
and the rate of the generated heat. Figure 1 shows
some calculated volt-ampere characteristics and
the resulting channel growth. The negative slope
o f t h e volt-ampere curve, i.e., the current increases as the electrical tension along the arc
decreases, is attributed to the increasing of the
electrical conductivity of the channel due to its
expansion. At the end of the second phase, the
electrical tension falls below a critical value, the
current is cut, the high temperature of the channel

The sequence of events occurring in the arc and
the early growing phases were predicted here by
using a similar approach as described by Refael
and Sher [8]; the time-dependent profiles (inside
and outside the kernel) of the temperature, velocity, and the species concentrations were calculated
by solving numerically the general 1-D conservation equation in the following form:
0

1 0

O~ (pC) + -r Or (push)
10

(__0~b)

r Or OI'(°r r

+s(~)=0,

(4)

where ~b is the transported property, which may
take the value of 1 for continuity, of the enthalpy
for energy conservation or a species concentration
for the particular mass conservation. F<~) and s(~)
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are the diffusion coefficient and the source term,
respectively, associated with the property ¢; p is
the density; u is the radial velocity; and t is the
time.

C H4
11

[[
/ l • H,O,OH,M

The equations of the model have been transformed into finite-difference equations and solved
numerically by a backward difference technique,
The domain of solution was a cylinder slice of 10
mm radius and 1 mm height while the finite
volume is a simple cell containing a scalar quantity
and enclosed by two surfaces of constant r
separated by .02 mm. A time increment of 10-8 s
was used for the numerical integration. For more
details on the mathematical formulation of the
finite-difference equations and the technique
adopted for solution, the reader is referred to Sher
and Refael [8] and Sher [14].
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Chemical Kinetics
A number of kinetic schemes to model methane/air
flames have been proposed in the literature. A
fairly comprehensive model has been suggested by
Warnatz [15] in which 23 species and 58 reaction
steps were considered. In the present work the
complete scheme of Warnatz was used to model
the growth and establishment of the initial flame.
However, it is interesting to note that much effort
has been spent to trace the most important path
through which the methane oxides under the
particular conditions of the present problem (initiation and oxidation at high temperature). A systematic study, which is not the subject of the
present work, suggested that a simplified reaction
scheme which includes 14 species and 17 reaction
steps (Fig. 2)still does a good job of reproducing
the time-dependent profiles of the significant
species, as well as the establishment of the steady
burning velocity. The details of this study are
reported in Ref. [16].

• o.
CO 2
Fig. 2. The adapted mechanism of CH4 oxidation at high
temperatures[16].

cients. However, due to the lack of information in
experimental measurements at high temperatures,
on the one hand, and formulating the partition
function of the various species involved, on the
other hand, and due to the problem conditions
which limit the mass fraction of the molecules
which contain C atoms to about 6 %, the present
model uses the thermophysical properties of pure
air and assumes a Lewis number equal to 1.
Following Plooster [12], the thermal conductivity
was determined by
K [kW/m °K]
= 1 0 -5 • ( l - A 1 )

Equation of State and Transport Coefficients
Since the calculations of the electrical conductivity
and the generated heat by chemical transformation
imply a knowledge of the composition of the
mixture and its state, the model requires fairly
realistic equations of state and transport coeffi-

• Tl/2+

14.88 • 10 12

• ~ • T + 220 • o " d A o / d T ,

(5)

where the three terms express the contributions of
the neutral particles, the electrons, and the diffusion of recombination energy, respectively. The
binary molecular diffusion coefficient between one
particular species and the mixture was estimated
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value. The flame (or the thermal wave) thickness,
6", was defined by

Dim=Om,m~/Mm/Mi,

(6)

Tad-- T u

1

(a T/ar)max

~/Ubo

6* =
where Dm,m was derived from the thermal conductivity, specific heat capacity, and the density,
while the compressibility factor and the specific
heat capacity were calculated by using the approach of Landolt-Bornstein [17] for pure air. The
latter was derived by differentiating the classical
enthalpy function, which includes the energy
contribution of the molecules, atoms, electrons,
dissociation, and both the first and the second
states of ionization.
RESULTS
General Characteristics of the Early Growth
Phase
Figure 3 compares some characteristics of a
typical ignition process with those of a thermal
wave. The thermal wave has been produced by
introducing an identical spark into a nonreactive
medium. The position of the flame front as well as
the position of the thermal wave were defined as
the radial distance at which the first (from outside)
temperature gradient reaches a local maximum
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(for a thermal wave, Tad corresponds to Tad for
stoichiometric mixture of CH4-air at standard
conditions), and E*, the cumulative heat released
by chemical reactions, was defined by
E * = (' (R Echem " P " r " d r . dt / E~park.
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The flame front distance seems to increase
rapidly during the arc period (t < .05 ms), while
endothermic reactions dominate the combustion to
produce hydrogen, oxygen, and hydroxide radicals, and then reaches a steady value after a
relatively short time of about .2 ms. Meanwhile
the flame thickness seems to increase at a declining rate to approach its steady value at a later time
> 1 ms; this is associated with the decreasing of
the postflame temperature to its adiabatic value at
a comparable rate. During the period in which
endothermic reactions are dominant (in the reactive medium), the thermal wave seems to travel
faster than the flame front, decelerates to zero

/'

~d;/L~c;5
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Fig. 3. Some characteristics of a typical ignition process. Total introduced energy (E~p, rk) =
.484 mJ, and E ~ = .008 mJ.
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velocity, and then travels backward as the cylinder
core cools down due to outward heat conduction,
Systematic calculations showed that the initial
growing time of the flame (before steady-state
propagation is established) is strongly dependent
on the equivalence ratio, breakdown energy, and
spark duration, and only to an insignificant extent
on the initial pressure (5-20 A), temperature
(350-540K), and the residual gas fraction (.05.2).

chiometric conditions a few milliseconds were
needed to establish a steady-state propagation.
The Effect of Breakdown Energy and Spark
Duration
Curve 2 in Fig. 5 shows the early growth of a
typical ignition process. An increase in the spark
duration (curve 3) requires a longer period of a
very high back-flame temperature together with a
further inflation of the spark channel (Fig. I) and
thus contributes to a slower deceleration of the
flame front. In this case the flame front travels a
longer distance during the first .2 ms, and then
reaches a steady-state propagation in a shorter
time for which the probability of inititating a selfsustained combustion wave in nonhomogeneous
mixtures is high. A decrease in the spark duration
(curve 1) results in a faster deceleration of the
flame front at a very early stage, and may lead to
ignition failure. However, in this case the flame
recovered after .25 ms, and reached a steady
propagation. For the same spark duration of .01
ms, an increase in the breakdown energy (curve 4)
can significantly improve the ignition process; the
initial diameter of the spark kernel (after the
breakdown phase) is higher [Eq. (1)] and again a
large volume of hot region is formed in a short
time. In general, Fig. 5 suggests that introducing a

The Effect of Equivalence Ratio
A shift from a stoichiometry condition results in a
longer time for the establishment of the steady
flame velocity together with a significant change
in the period in which endothermic reactions
dominate (Fig. 4). In lean mixtures, the fuel
concentration is low and the production rate of the
initiative radicals throughout CH4 + M --* (~H3 +
Il + M followed by 02 + Il -* Oil + 13, etc., is
low. Also, the low concentration of the fuel
reduces the probability of being attacked by these
radicals, and higher radical concentrations must be
built up to establish a self-sustained combustion
wave. In rich mixtures, the high monoxide concentration enhances the significance of some reverse reactions and affects the time for chemical
equilibrium accomplishment. Far from stoi-
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The effect of the equivalence ratio on the early growth phase.
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Fig. 5. The effectof breakdownenergyand spark durationon
the.early growth phase.

Fig. 6. Replottedexperimentalobservationsof Tagalian and
Heywood [11], and a predictedcurve from the present study.

higher energy during the breakdown phase and a
longer spark duration contribute to the creation of
n larger volume of hot region in a short time.

first few . 1 ms, or even faster for this particular
experiment (Fig. 6), and the observed "likelaminar" regime which follows this period where
the flame radius increases linearly with time is
fully confirmed. However, the extrapolation of the
experimental results to the very early stage (before
.12 ms) may not be entirely correct. The present
calculated curve shown in Fig. 6 has been predicted by using the estimated experimental conditions in Table 1, column 2. This set of conditions
resulted in a steady-state curve slope which is very
close to the average slope observed. However, its
vertical position was fitted to the experimental
results by selecting a reasonable set of spark
characteristics (Ebd = .01 mJ and spark duration
= .05 ms), as these have not been reported by
Tagalian and Heywood. Figure 5 suggests that a
slightly different set may have drastically changed
the plane position of this curve, which may be a
plausible explanation for the scattering observed.
The different slopes observed at different cycles
are probably attributed either to the inhomogeneity
of the trapped mixture and/or to the cycle-to-cycle
variation in trapped conditions. Table 1 illustrates
the effect of a possible variation in each parameter
on the steady-state burning velocity. A variation of
5 % of the volumetric efficiency ( = 1 minus the
residual gas fraction) seems to affect significantly

Application to Spark Ignition Engines
Tagalian and Heywood [11] measured the flame
speed in the very early stages of combustion in an
operating spark ignition engine. The engine had a
square cross-section and two parallel walls of
quartz, allowing visualization of the entire combustion chamber. The engine was operated at 1500
rpm and .5 A intake pressure, and used a premixed
propane-air mixture with a fuel-air equivalence
ratio of .9. Using the z-Schlieren technique, highspeed movies of about one frame per crank angle
degree were taken (1 crank angle degree = .12
ms). Their results are replotted in Fig. 6. The
authors found that the flame starts from a smoothsurfaced spherical kernel about 1 mm in diameter
which is formed during the first crank angle
degree and then-the flame radius increases linearly
with time over the first 15 °, where d r / d t is
essentially constant but shows a scatter of + 20%
from cycle to cycle,
The present study (Figs. 3-5) suggests that the
very early stages of a spark ignited flame, the
steady-state establishment occurs merely in the
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TABLE I

The Effect of Various Parameters on the Steady-State Burning Velocity of a Propagation Combustion Wave in SI Engine (the
Estimated Experimental Conditions Are Related to the Study of Tagalian and Heywood [11])
Experimental
Conditions

Pressure (atm)

2.4

Temperature (K)

480

Equivalence ratio

0.90

Volumetric efficiency

0.82

Extreme Conditions

Possible
Variation

Ub(at ~ + 5%)/Ub0 -- 1
-.3

-.2

I

I

+ 5%
-5%
+ 5%
-5%
+ 5%
-5%
+ 5%
--5%
Higher Ub
Lower Ub

-.1

+.I

I

CONCLUSIONS
A mathematical model was presented to simulate
the evolution with time of a spark channel ito a
combustion wave. The establishment period of the
flame growth was studied and the following
conclusions have been drawn,
1. It was recognized that a better spark would

+.2

I

J

+.3

I

[-10.2~
+5t I
+13.31

I

I
I

I _26.,,
the burning velocity by 13%, while similar variations in the temperature and equivalence ratio
affect the burning velocity by 10% and 5%,
respectively. Extreme conditions which may reflect the effect of in-cylinder inhomogeneity together with a cycle-to-cycle variation result in an
estimated deviation of 30%. It is interesting to
note that excluding the predicted effect of the
spark characteristics on the initial volume of the
hot region, and hence the position of the flame
growth curve, the simple empirical expression of
Metghalchi and Keck [8] (for the prediction of the
burning velocity of propane) does predict a very
similar dependence and hence leads to very similar
conclusions about the possible sources and magnitude of errors,

( Ub0 = 53.9 cm/s)

]

+32.8,

I

produce a larger volume of hot region in a
shorter time for which the probability of
initiating a self-sustained combustion wave in
nonhomeogeneous mixtures is higher.
2. The initial growing time of the flame is
strongly dependent on the equivalence ratio
(longer time for off-stoichiometric mixtures),
on the breakdown energy, and on the spark
duration.
3. The predicted time for the establishment of a
flame propagation and the steady-state propagation rate was found to be in qualitative
agreement with experimental observations.
4. The model suggests some possible explanations
for the cycle-to-cycle variation in the dimension of the initial hot region created, as well as
in the steady-state burning velocity, and estimates the deviation by ___30%.
NOMENCLATURE

Ao, Al, A2

the extent to which dissociation,
first state, and second state of ionization process have gone to completion
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a~
D~,m
d
Ebd
Echem
Espark
E*
k
6
Mi
P
R
r

s(~)

average electron-ion cross-section
diameter
binary molecular diffusion coefficient
diameter
energy introduced to the mixture
during the breakdown phase
rate of heat released by chemical
reactions per unit mass
total energy introduced to the intervening mixture
cumulative heat released by chemical r e a c t i o n s [Eq. (5)]
specific heat ratio
gap between electrodes
molecular weight of species i
pressure
radius
radial coordinate
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