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Tbe radiation
emitted
by shock-heated
oxygen,
nitrogen,
and air has been
studied
in the wavelength
range 2000 to 10,OOOA at temperatures
from 4000
to 9000°K
and densities
from 0.01 to 10 times
standard
atmospheric.
Both
spectroscopic
and photometric
techniques
were employed.
The radiation
COINsists of bands from O2 , Nz , SB+, and Ii0 molecules,
lines from 0 and IX atoms
and continuum
Framers
radiation
from O-. Comparison
of the experimental
results
with the theoretical
expressions
giving
the wavelength,
temperature
and density
dependence
of the radiation
gave electronic
f-numbers
for all the
bands observed.
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The optical radiation from air is important in problems of hypersonic aerodynamics, atomic explosions and atmospheric physics. In addition, the electronic
transition moments of molecules are fundamental quantities in spectroscopy and
quantum physics. The present paper describes an experimental study of the
radiation from air heated by shock mnves which has applications to all these
problems.
The general theory of the emission of radiation by atoms and molecules has
long been the subject of intensive study and is described in many texts (1-3).
While in principle the radiation is completely predictable from known quantum
mechanical laws, in practice the theory must usually be normalized by comparison
with experiment to obtain sbsolut’e intensities. This normalization was a central
aim of the present work. In the case of molecules, which are the most intense
source of radiation from air, it involves determination of the electronic transition
probabilities or f-numbers.
In interpreting our results we have relied heavily on
theoretical work by Kivel ct al. (4) (KMB) given in Part I of this paper and by
Meyerott (5).
Emission spectra of molecules have previously been studied in arcs, flames,
and electric discharges. These sources, in addition to being highly nonuniform,
are far from thermodynamic
equilibrium and cannot be used for quantitative
studies of absolute intensities. Ovens, such as the King furnace, have been used
with more success since they achieve thermal equilibrium except near openings
in the oven walls. However, they are limit’ed t,o temperatures
below which the
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walls disintegrate;
typically this is the sublimnt,ion temperature
of carbon,
-4000°K.
Most of t’he quantitative
measurements
of f-numbers
which have been reported to date have been made in absorption experimems carried out at room
t’emperature
(6-8). The fact t’hat so few f-numbers
for molecular bands are
currently known attests to the difficulty of these experiments. Moreover, the
extrapolation of room temperature results to high temperatures is uncertain because the vibrational transitions involved frequently differ and there is no a priori
reason to espect the effective electronic f-number t,o be the same for all vibrational transitions (9).
The development of the shock tube (10,II)
h as made possible the quantitat’ive
study of bot,h the emission and absorption of radiation in gases at high temperatures. Under appropriate conditions it is possible to produce a uniform sample of
gas in thermodynamic
equilibrium at accurately known temperature
and pressure. The obvious disadvantage of the shock tube is that the condit,ions are
transient, lasting only from IO to 100 psec. However, modern bechniques in
electronics and spectroscopy make it possible to obtain much valuable data even
in this short t,ime interval, and the advamages of the shock tube in other respects
are sure to promot’e the furbher development of new and more powerful techniques.
The versatility
of the shock tube in spectroscopy
is demonstrated
by previously published work. Kantrowitz
and co-workers
(12) at Cornell University
have measured the absolute emission intensity due to argon recombination or
Kramers radiation (A+ f e --$ A* -I- hv). At the same time they observed a shift
of the argon spectral lines attributed to perturbations
by the free electrons in the
high temperature argon gas. Laporte and co-workers
(13, I/t) at the Universit,y
of Michigan have been making careful measurements of the spectral line profiles
of hydrogen Balmer lines to determine the contribution
of free electrons to the
line broadening. Seay and Seely (15) at Los Alamos have studied helium using
an explosive driver to obtain the required temperatures and Model (16) in Russia
has used the same technique to study air. At the Cornell Aeronautical Laboratory (17, 18) measurements of absorption by 0, and air behind shock waves are
being made. Exploratory
studies have also been reported by Gaydon (19) and
r\iicholls (%I). This list is not meant to be complete as there is much other work
in progress.
The present studies owe their existence to the import,ance of radiative heat
transfer in hypersonic aerodynamics. Practical considerations,
therefore, played
an important role in determining the conditions under which bhe gases were
studied. The temperature
range from 4000 to 9000°K and the initial density
range from 0.001 to 1 times standard atmospheric density are appropriate in
problems of hypersonic flight at speeds up to the satellite velocity. Most of the
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data on air were accumulated in the spring of 1956, but some data accumulated
as a by-product’ of other studies carried out since then have also been included.
In general, it, was found that the internal consistency of the data obtained during
a given experiment \VAS +20 % while t,he maximum spread between experiments
was &:30 %. Considering t’he newness of t,he shock tube as a radiation research
tool, the ,nbilit’y to reproduce results to this accuracy over so long a period of time
is most gratifying, especially when one considers that this was a period of rapid
growth in the miderstancling of shock tube performance. It, should be emphasized,
holyever, that even at the present writ’ing our understanding
of many import’nnt
details oii shock tube operation, particularly
those associated with decelerating
shock wars,
is far from complete; t,herefore, there is a possible source of syst’ematic error in the resultIs.
The paper is divided into five parts: The first is devot,ed t,o a description of the
shock tube and the general charact,eristics
of the shock waves studied. The
second describes the spectrographic
work which resulted in the ident,ificntion of
the important, racliut,ing bands. The third describes t’he photjometSric studies from
which absolute int,ensities were deduced. The fourth out,lines the theory of the
average emissivity of molecules and describes the reduction of data to f-numbers.
The fifth is devoted to a discussion of the results and comparison with other
work.
I. THE

SHOCK

TUBE

X schematic diagram of the shock tube used for the present measurements is
shown in Fig. 1. The shock tube consisted of a high-pressure
driver section
separated from a low-pressure
t,est sect,ion by a copper or steel diaphragm. The
driver section was stainless steel tubing three feet long and 138 inches inside
diameter. The test sect’ion was 10 feet long and 12.2 inches inside diameter. For
the study of incident, shock waves t,he t’est sect8ion was Pyrex tubing. It was not
pract’ical t,o use a Pyrex tube with reflected shock waves except in cases where
extreme purity was required, since reflected shock waves exploded the t,ube on
each rull. A stainless st,eel test section was therefore employed for normal running. A phot’ograph of the shock tube with the I’yrex t’ube in place is shown in
Fig. 2.
Shock speeds up to 3.5 mm/psec were obt,ained by using hydrogen in the driver
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FIG. 2. Photograph
inside of the wooden
after reflected
shock

KECK.

CAMM,

KIVEL,

AND

WEXTIXK,

JR.

of shock tube with Pyres test section
installed.
Sot,e the scars on the
box used to contain
the fragments
of the tube, which usually
esploded
runs.

at pressures up to 2000 psi. Faster shock speeds up to 6 mm/psec were obtained
by charging the driver wit,h a stoichiometric
mixture of Hz and 0, diluted with
He and igniting the charge uniformly with an electrically-exploded
aluminum
wire running axially the length of the driver.
The test section was evacuated prior to introducing the test gas by a carefully
trapped oil diffusion pump. With a Pyrex tube, pressures of less than 0.1 micron
and virtual leak rates of less than 1 micron per minute were obtained by pumping
for a few hours. With a stainless steel tube, pressure of a few microns with virtual
leak rates of the order of 20 microns per minute were obtained.
To minimize impurities due to outgassing of walls a flow system was usually
employed which changed the gas in the test section approximately
5 times a
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second. Elefore entering the shock tube the test gas was dried by passage through
a dry ice or liquid K\;, trap. Check valves were employed to protect the flow system. In cases where t,he highest gas purity was sought the Pyrex tube with a
liquid K, cold trap was employed as an alt.ernative to the flow system. The cold
trap was approximately
one foot long and was located just down st.ream of the
diaphragm. The addition of the cold trap has no noticable effect on the performance of the shock tube since the shock wave in this region is already seriously
perturbed by the opening of the diaphragm.
The initial pressure in the test section was measured by a manometer or
alphatron gauge with an estimated error of &t5 %.
The shock speeds were measured in the l’yrex t.ube by observing the light
emitted by the shock wave as it passed a series of 5 equally-spaced slits arranged
along the last, half of the shock tube. In the steel tube ionization pickups mere
employed to detect the passage of t,he shock. The out)puts of the speed pickups
were displayed on a folded oscilloscope sweep which was normally read to the
nearest microsecond. For pickup intervals of 30 cm this produced an error of
~0.7% in the speed measurement for a median shock speed of 4 mm/psec.
Shock speed histories for several typical shock waves in the 4.5 mm/psec range
are shown in Fig. 3a. The deceleration observed is charnct,erist’ic of comhustiondriven shock waves and constit,ut,cs one of the most difficult effects t,o account
for in tbe interpretation
of the dam.
CHARACTERISTICS

OF IXJCIDENT

SHOCK WAVES

Figure 4 shows a time-resolved phot,ograph of a shock wave moving past a
l-mm slit perpendicular t,o the shock tube a,xis. The photograph was made with
an <f/f/apneumatically driven drum camera at a film speed of 0.08 mm/psec. Also
shown in the figure is an x-t diagram of the shock wave and two schematic views
of the shock tube illustrating the slit arrangement.
The luminosity jumps abruptly at the shock front and remains roughly constant, for approximately 30 psec. Following this the luminosity becomes erratic
due t.o the a.rrival of t.he turbulent mixed zone ahead of the relatively cold driver
gases.There is no evidence of important boundary layer radiation in the photograph. Yote that light from the gas may be distinguished from light from the
boundary layer by the fact that, for a tube of a circular cross section, the former
produces maximum intensity across the center of the tube while the latter produces intensity maxima along the walls. These effect’s can be clearly seenin the
densitometer recordings shown at the bottom of Fig. 4.
In the. past, the presence of a highly luminous boundary layer along the shock
tube mall has caused considerable confusion in the interpretation of optical and
spectroscopic studies made in shock tubes. In stainless steel tubes the boundary
layer radiation dominates the gas radiation. Even in new Pyrex tubes the bound-
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FIG.
3. Parts (a) and (b) show normalized
shock speed histories
for several
typical
shock
waves before
and after reflection;
lilce symbols
refer to the same run. Part
(c) shows the
ratio of the experiment.al
to theoretical
reflected
shock speed for a number
of typical
runs
including
those shown in parts
(a) and (b).

ary layer dominates the radiation. However, with repeated running a Pyrex tube
may be “cleaned up” a,s shown by Fig. 4. Although this solves t,he problem of
the emission from the boundary layer, its effect in absorption must still be
considered in radiation problems.
CHARACTERISTICS

OF REFLECTED

SHOCK

WAVES

The reflection of a shock wave gives rise to some int’eresting gas dynamic
phenomena which have proved troublesome in the present experiment. The first
of these is the growth of “feet” on the reflected shock wave. These “feet” have
been studied extensively by Mark (WI) using schlieren techniques and have been
interpreted by him as due to an interaction between the reflected shock wave and
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FIG.
4. Time-resolved
photograph
of a typical
shock wavemoving
past a slit perpendicular to the shock tube axis. The position
of the slit, the shock tube and an s-t diagram
are
shown schematically.
Also shown are densitometer
traces of t,he photograph
illustrating
the
intensity
varintion
both parallel
and perpendicular
t,o the shock tube axis.
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the boundary layer behind the incident shock wave. They are clearly visible in
time-resolved
photographs tsken by the slit method described above and are
shown in Fig. 5. The geometry may be reconstructed
by reference to the z-:-t
diagram and the schematic drawings of the shock tube. It will be noted that this
particular set of photographs was taken using a square shock tube.
The presence of such large “feet” on the reflected shock wave implies nonuniformities
in the flow behind the reflected shock wave which could have important effects on photometric and spectroscopic studies made transverse to the
shock tube. There is some evidence of this in Fig. 5, which showsthat the luminosity behind the reflected shock wave is nonuniform.
In addition, spectrographic
studies discussed in Section III show heavy contamination
with impurities.
Largely for these reasons the observations
on reflected shock waves were made
looking along the tube axis.
A second troublesome phenomenon which is seen clearly in Fig. 5 is the nc-
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celeration of the reflected shock wave. Several speed histories for reflected shock
waves derived from photographs similar to that shown in Fig. 5 are shown in
Fig. 3b. Although the percent acceleration is relatively large, the effect on the
enthalpy of the gas behind the shock wave is small due to the relatively high
enthnlpy of the incident stream. The acceleration has been studied by Rose and
Nelson (Bd) who associate it with the decleration of the incident shock wave. It
is not well understood, however, and constitut’es a major uncertainty in t’he
interpretation of the data.
The ratio of the measured initial reflected shock speed to that predicted
theoretically from the measured incident shock speed at the time of reflection is
shown in Fig. 3c. The vertical bar shows the estimated random error in the
measurement of an individual point. In addition, there is a systematic error of
about the same magnitude due to an uncertainty of f lo in the alignment of the
shock tube axis and the axis of rotation of the drum camera. Although the
average of the points indicates that the measured reflected shock velocity is
slightly low, t’he discrepancy is within that attributable to alignment errors and
is not considered significant. This suggeststhat if me measure the incident shock
velocity at the time of reflection and confine our observations on the reflecbed
shock to a short interval thereafter we should be fairly safe in using the theory
to calculate temperatures and densities.
CALCULATIOS

OF SHOCK COKDITIOSS

The t,emperature and density behind shock waves in air were deduced from
the measured initial density and shock speed using the curves in Feldman’s
“Hyperzonic Gas Dynamic Charts for Equilibrium Air.” (25’) The equilibrium
concentrations of the various atomic and molecular specieswere calculated by
Teare at the Avco Research Laboratory directly from their partition functions
and checked against bot’h the Rand (24) and the Cornell Aeronautical Laboratory (25) tables. Conditions behind shock waves in O? and K, were calculated by
Teare.
The main uncertainty in using shock wave theory to deduce the gas conditions
centers on the range of validity of the equilibrium assumptions. This has been
the subject of intensive study at’ the Avco Research Laborat,ory and will be
dealt with at intervals throughout this report. In general, the conclusion is that
the equilibrium assumpt’ion is valid for the conditions of the present experiments.
II. SPECTROGRAPHIC

STUDIES

Photographic studies of the spectra produced by reflected shock waves in
oxygen, nitrogen and air (21% 0, -I- 79% NJ were made to determine the
qualitative features of the radiation. Two spectrographs were employed: one was
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FIG. 6. Schematic
of drum camera
spectrograph
in position
to make axial spectrograms
of reflected
shock waves. The blow-up
shows that this geometry
avoids photographic
radiation from the “foot”;
the dashed lines show the reflected
shock wave and “foot”
at 10
fisec intervals.

equipped with a moving film on which a complete time history of the radiation
could be obtained, and the other was equipped with a shutter which could be
triggered to give exposures down to 10 psec. The quality of t,he spectra obtained
with the latter system was superior to that obtained wit’h the former, and it was
used when detail was desired. The former system was used in preliminary surveys
of the general characteristics of the radiation to obtain information concerning
the proper timing of the shutter and the most favorable geometry in which t,o
set up the spectrograph.
DRUM

CAMERA

SPECTRA

A preliminary study of the radiation produced by reflected shock waves was
made using the drum camera spectrograph shown schematically in Fig. 6. Spectra
were obtained for two directions of observation: one looking across the shock
tube through a window 0.5 cm from the closed end of the shock tube and the
other looking along the axis of the tube through a window in t’he end plate. The
spectra are shown in Fig, 7. Note that the axial view shows an interval of about
30 psec during which the spectrum is relat,ively free of radiation from impurities
while the transverse view shows strong radiation from impurities starting the
moment the shock wave passesthe observation station. This situation indicates
that both the boundary layer along the shock tube mall and the turbulent mixed
zone ahead of the driver are heavily contaminated by material picked up at the
shock tube walls, but there is a region of clean gas along the shock tube axis on
which observations may be made for about 30 psec looking through the end of
the tube. Even this region shows some radiation from impurities (notably CN)
which can be associated with the vapor pressure or organic compounds which
have not been pumped out of the tube. The partial pressure of these impurities
is not as seriousas might be thought from the prominence of CN in the spectrum,
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FIG. 7. Time-resolved
spectrograms
of air heated
by reflected
shock waves taken
wit,h
the drum
camera.
Both axial and side views are shown;
the side viewing
position
was 0.5
cm from t,he end of the tube. Note that the spectrum
observed
axially
is relatively
free of
radiation
from impurities
for approximately
30 JCZW while strong
radiation
from impurities
appears
immediately
in the side view. These impurities
are associated
with the boundary
layer.

however. The CK violet band system is an extraordinarily
prominent source of
radiation due t,o a relatively large f-number of order 0.1, the narrowness of the
bands because of the similarit,y of it,s electronic potentials, and the fact that t,he
radiatiwl
comes from a low-lying upper state. Less than one part-per-million
of
CK is sufficient to produce the intensity observed in t’he spectra shown. By
employing a Pyrex tube (which shattered on every run with reflected shock
waves) and a liquid S, trap it was possible to virtually eliminate CX from the
spectrum. Such extreme measures were not normally employed since the presence
of a small CS impuritjy did not appear to affect the radiation from other sources.
SHUTTERED

SPECTRA

As a result of the observations made with the drum camera, it appeared that
the cleanest spectra could he obtained by looking along the shock tube axis and
recording the radiation within the first 30 psec after reflection of the shock wave.
The spectrograph
used was an f/l0 Hilger having interchangeable
glass and
cluart,z optics and an electromechanical
shutter designed by Camm (26). This
shutter
had a characteristic
delay of 25 31 5 psec and operated at exposure times
down to 10 psec. In normal operation the shutter was set to open 5 psec before
and cloee 20 psec after reflection of the shock wave. It was not satisfactory
to
start
wit,h the shutter open and simply close it since t,he integrated exposure from
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FIG. 8. Phototube
traces illustrating
the operation
of the spectrograph
shutter.
Impurity
radiation
which appears
after 30 psec, as shown in Fig. 7, is avoided
by closing
the shutter
20 psec after reflection
of the shock wave.

the oncoming incident shock was of the order of that from the reflected shock.
The performance of the shutter was monitored by a phototube which picked up
a portion of the light entering the specbrograph. The output of this phototube
compared with that of an unshut,tered photot,ube looking at the same shock as
shown in Fig. 8. A useful feature of the shutter is that with it one can superimpose the spectra of several shocks to obtain increased exposure. This was done
in studying the radiation from t,he X2 first positive band syst,em in nitrogen.
The emission spectra of oxygen, nitrogen, and air (21 % 0, + f9 % X2) obtained with the shuttered spectrograph are shown in Fig. 9. The conditions
under which these were obtained are given in the figure caption.
Molecular bands which are easily identified include 0, Schumann-Runge, NO
FIG. 9. Shock tube spectra
of air, oxygen,
and nitrogen.
All spectrograms
were taken
with an f/l0
Hilger
spectrograph
with a 40.micron
slit, width.
Spect’rograms
(a), (b), and
(c) were made with quartz
optics;
(d), (e), and (f) with glass. Exposure
times were about 20
psec, the electromechanical
shutter
opening
about 5 microseconds
before
shock reflection
and closing about 20~sec aft,er reflection.
The average
thickness
of the gas source was about
1 cm. The spectrograms
were broadened
by moving
the paper during
printing.
Details
pertaining
to the individual
spectrograms
are tabulated
below.
Spectrum
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8100
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0.50
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y, N, second positive and Kz+ first negative. r\io structure definitely associated
with the NO 0 bands can be seen in the spectra but it is quite clear that X0 y
bands are superimposed on background radiation which it is logical to ascribe to
the NO p bands. In addition the general distribution of t.he radiation in the near
infrared is similar to that of the NY first positive bands. This is shown in more
detail by the densitometer records in Fig. 10.
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10. Densitometer
traces
of spectrograms
heated
by a reflected
shock wave with that from
positive
identification
of individual
band heads is
to strong
overlapping
of rotational
structure,
the
cates that a major
part of t.he shock tube radiation
Nz first positive
bands.

comparing
the radiation
from nitrogen
nitrogen
in a discharge
tube. Although
difficult
in the shock tube spectrum
due
general
similarity
of the two traces indiin this wavelength
region
is due to the
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LINES OBSERVED IN THE SHOCK TUBE
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SPECTRUM

OF AIR
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DENSITY

Nitrogen
6483"
6484"
6485"
6645
7424
7443
7469
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OXygtXl

8185m

8568

F3188-

8594

7948a

7951*

8201"
82110
8216a
8223a
8243

8630
8680"
8684a
86868
8712"
8719"

7952a
8446*
8447"

0 Unresolved.

There is also evidence of continuum radiat,ion in t,he visible region of the
spectrum. This is interpreted as Kramers radiation from O- and the intensity
is consistent with that which can be deduced by detailed balancing arguments
from the photodetachment cross section of Brnnscomb et al. (27).
h nurnber of atomic lines from both 0 and N were observed in the spectra.
Their wavelengths are tabulated in Table I.
III.

PHOTOMETRIC

STUDIES

Measurements of the absolute spectral intensity of the radiation from air and
oxygen were made using a grating monochromstor and calibrated phototubes.
The experimental apparatus is shown schematically in Fig. 11. The luminous gas
was imaged at, the entrance slit of the monochromator by an optical t.rain consisting of two aluminized mirrors. For measurements on incident shock waves
the monochromator was equipped with two Dumont 6292 photomultipliers: one
which measured the intensity in a narrow wavelength band selected by the
monochromator, and a second which monitored a fraction of t’he light passing
through the entrance slit and provided an indirect check on the measured shock
speed. For reflected shock waves the photomultipliers \s*erereplaced by 935
photocells for measurement,sin the violet wave1engt.h region and 917 photocells
for measurements in the red.
The out,puts of the photot,ubes were fed either direct’ly or via cathode followers
to Tektronix oscilloscopeshaving rise-times of 0.3 psecor better. The traces mere
photographed using Land cameras.
CALIBRATION

Overall calibration of the complete optical train including shock tube windows
and appropriate filters to prevent overlapping of orders was made using both a
standard tungsten ribbon filament lamp and a graphite arc.
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The brightness temperature of the standard lamp was given as a function of
lamp current at a wavelength of 65308 by the National Bureau of Standards.
The spectral intensity of the lamp at other wavelengths was calculated using
data on the emissivity of tungsten given by DeVos (28) and the measured transmission characteristics of the quartz window. The standard lamp was used to
calibrate from 3500 to 10,OOOA.
To obtain a calibration at, shorter wavelengths a, graphite arc was used. Data
on the true temperature and spectral emissivity of such arcs has been given by
Euler ($9). They are roughly gray bodies having a true temperature of 4000°K
and an emissivity of 0.75. A check 011 the brightness temperature of the arc
which agreed with Euler’s value with 15°K was made using a Leeds and iSorthrup optical pyrometer. The graphite arc was used to calibrate from 2500 to
10,OOOA.In the region of overlap the two methods of calibration agreed with
each other within 20 % or better. This was regarded as satisfactory for the present purposes since fluctuations in shock tube operation produced variations of
this order.
INCIDENT

SHOCK

WAVE

MEASUREMENTS

Typical traces of the radiation from air as a function of time after the passage
of both “fast” and “slow” shock waves are shown in Fig. 12.
For the “slow” shock wave the radiation rises monotonically to a steady state
value

in a time of the order

of 5 psec. The noise on the trace

is due to statistical

RADIATIOK
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AIR

17

TIME FIG. 12. Int,ensity
histories
recorded
by the monochromator
monitor
4.5 mm/p:sec)
and “slow”
(u, = 3.1 mm/psec)
speed shock waves.
The
served
looking
across the shock tube :ts shown in Fig. 11. The ordinates
are not to the same srafe.

for “fast”
(u, =
radiation
was obfor the t.ryo traces

fluctuations in the number of photons counted within the resolving t,ime of the
electronics. The uniformity of the steady state signal attests to the uniformity of
hydrogen-driven
shocks. In the analysis of the daba t.he steady state level was
assumed to be the equilibrium level.
For the “fast” shock wave the radiation at t,he shock front goes through a
maximum before approaching a relatively steady value. This maximum has been
shown spectrographically
to be largely due to radiation from the first negative
bands of pu’?+ in the high temperature relaxation zone following the shock front.
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Following the maximum the radiation falls, then rises slowly for an interval of
approximately
35 psec, after which it becomes erratic indicating the arrival of
the mixed zone preceding the driver gas. The slow rise mentioned above is characteristic of uniformly decelerating shock waves and is interpreted as due to an
increase in the temperature with distance behind the shock front. The percentage
variation in intensity is roughly three times the percentage variation in shock
speed. As will be seen later, the percentage change in the initial amplitude of
the equilibrium radiation is roughly 10 times the percentage change in the instantaneous shock speed, showing that considerable smoothing of conditions occurs behind decelerating shock waves due to the propagation of sound waves. It
might be mentioned that in the case of accelerating shock waves the radiation is
observed to fall with time as expected. In the analysis of nonuniform shock waves
the radiation was extrapolated to the shock front and correlated with the instantaneous shock speed.
REFLECTED

SHOCK

MEASUREMENTS

Observations on reflected shock waves were made looking along the shock tube
axis through a quartz window in the end of the tube. Typical traces of the radiation from air as a function of time after the reflection of both “fast” and “slow”
shock waves are shown in Fig. 13. The incident shock conditions correspond very
closely to those for the incident shock waves shown in Fig. 12. The difference
between the “fast” and “slow”
traces is negligible. Apart from small-amplitude
oscillations, both traces rise linearly with time as the thickness of the radiating
layer increases. No radiation is observed prior to reflection of the shock wave due
to the fact that the specific brightness of the incident shock wave is only IO+
that of the reflected shock wave. After about 35 psec the “fast” shock wave encounters the mixed zone and the radiation becomes erratic; the “slow”
shock
wave has not yet encountered the mixed zone at the end of the trace. In view of
the pronounced accelerations which mere observed for “fast”
reflected shock
waves it is somewhat surprising to not#e that the rise in the intensity of the light
emitted is so nearly linear. Apparently,
some sort of canceling effects must be
occurring which are not at present understood.
In the analysis of the reflected shock data the intensity of the radiation per
centimeter thickness of gas was determined by dividing the mean rate of rise of
intensity for the first 15 psec after reflection by the reflected shock velocity at
the time of reflection. This was the closest practical approach which could be
made to the objective of measuring the radiation at the time of reflection as a
means of circumventing
the problem of the accelerating reflected shock.
EXPERIMENTAL

RESULTS

The spectral intensity of the equilibrium radiation from oxygen and air (21%
OS -I- 79 % N?) heated by incident shock waves is shown as a function of wave-
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13. Intensity
histories
for refiected
shock waves recorded
by the monochromutor
monitor
for reflected
shock waves viewed
axial, The incident
shock conditions
correspond
closely
to, those for the shock waves in Fig. 12. The ordinates
for t,he two traces are not t,o
the same scale.
FIG.

length and shock speed in Figs. Id and 15. The intensity of the radist,ion from
air (21% O? -I- 79 % XI) heated by reflected shock waves is shown as a function
of shock speed, density, 2nd wavelength in Figs. 16-18. The curves in Figs. 14-18
represent a reconst.ructittn of the radiation based on the theory given in t,he following section.
On t,he intensity versus shock speed graphs the experimental points are plotted
directly. In the other cases it WLS, in general, necessary to interpolate or extrapolate the dnbn to n fixed shock speed because the speed of an individual shock
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wave could only he predicted in advance with an error of about 5 %. The variation of intensity with shock speed given by the theory was used as a guide in this
process.
IV.

ANALYSIS

OF

DATA

The problem of relating the average emission of a molecular band to the electronic f-number
has been treat’ed by Meyerott
(5) and by Kivel et al. (4)
(KMB).
Their results may be summarized as follows:
For a slab of gas of thickness, I, in which the molecules are in thermodynamic
equilibrium at a temperature,
!I’, t,he radiation per unit area in the wavelength
interval X to X + dX into a solid angle dfl normal to t,he layer is:

(1)
where
ClB
= 2hC2~-~(eh”‘kT” _ 1>-’
dAdQdX
is the black body intensity,

(2)

and
/q’ = px(l

- p’y

(3)
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is the apparent absorption coefficient. PA’ differs from t’he true absorption coefficient, ~1 , by t.he factor in parenthesis which corrects for induced emission. In
the special case of an optically thin gas layer, i.e., ~x’Z << 1, Eqs. (l-3) may be
combined in the form:
dI
dAdf2dX

-

pAi

. ‘&C2~-5e-hc’kT”

.

(4)

Thus, a measurement of the spectral brightness of an optically thin gas in thermodynamic equilibrium may be used to determine the true absorption coefficient, ~tx .
For a molecule, PA is a complicated sum over many overlapping lines which
when averaged with respect to rotational structure may be written:
(5)
where:

r0 = e”/mc’ is the classical electron radius,
f = 8n”mc/3hX 1R 1’ is th e e1ect ronic j-number and the matrix element
is a function of internuclear separation,
[X] is the concentration and absorbing molecules, and
XoOis the wavelength of the 0, 0 vibrational transition,
(o is a dimensionless factor of order unity which gives the details of the vibrational spectrum and is defined by t.he equation:
1cT
1
’ = hc ’ Qv”Qr”(B,’
-B,“)

. cTqo *~,v,,e-(‘V’+tr’)‘k=,

Cf.31

is th e vibrational partition function for
Q,,” = [I - exp( -hcw,“/kT)]-’
the absorbing state, (the ’ refers to the excited electronic or emitting
state and the N refers to lower electronic or absorbing state);
Qr” = kT/hcB,”
is the rotational partition function for the absorbing
state;
purVrJis the Condon factor for the kansition
from D’ to 21”;
6 ’ = hc(l/X,, - l/X,,) is the vibrational energy relative to the ground
vibrational state for the emitting state;
+’ = B,I/( B,’ - B,“). hc( l/X - l/X,,,-) is the rotational energy for the
emitting stat.e;
l/X, = W,(U + $5) - WG:,(U + 45)” + w,y,(z~ + 35)” is the wave number
of the vth vibrational level; and
l/&n
= I/&, + (l/X,, - l/X,,) - (l/X,!! - l/Xv) is the wave number for the vibrational transition between the states v’ and v”.
The constants w, , WJ~ , wey, , B, , and voo = l/X00 obtained from Herzberg’s
“Spectra of Diatomic Molecules” (2) are tabulated in Table II.
where:

RADIATION

SPECTRORCOPIC

CONSTANTS

- -Mole-

state

de

02

l cm-’WC uexe
cm-l
~I- I-_-700.4
8.002

N?

iTj,+

NO

-

--

(2) FOR
RADIATION

-

1580
2035
1734
1460
2360
2420
2207
1038
2371
1904

12.07
17.0s
14.47
13.89
14.46
23.19
16.14
7.60
14.48
13.97

-

FROM

TABLE
MOLECULAR
FROM 02,
WCY6
cm-’

-

0.819
1.446
1.826
1.638
1.440
2.010
2.083
1.932
1.1271
1.995
1.705

-0.025
0.0075
-0.538
-0.040
0.097
-0.28
-0.0012
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STATES IMPORTANT
Nz, Ns’,
AND NO
Be
cm-’

-0.375
0.0546
-2.15

-I

HOT

-

Transition

I
B-tX
,1 -+ s

-

IN THE EWSSION

OF

-

yoo
cm-’

Band

I-

49363

Schumann-Runge

29670
9557
49757

Second positive
First positive

25566

First

45440
44138

(3 bands
y bands

negative

-

Note that the approximation discussedby KMB in Section II-E is equivalent
to setting cp = 1 and that in this approximation Eq. (5) of the present paper is
identical with Eq. (2) of KMB.
Inserti.ng Eq. (5) into Ey. (-I ) we obtain the follo\ving expression for the
radiation from molecules of type 9 for ~x’Z<< 1.

This equation is a slight generalization of Eq. (12) of KMB.
To compare the theoretical results w&h the experimental measurements, it is
necessar,yto average Eq. (7) over the wavelength interval, Ax, defined by the
monochromator. The result for ~x’Z << 1 is:
/ d1 \
+ Tr,, . 2hc2 . f[X]&,)AAX-5
\dAdQdkIXi AX

hc e-hc’kTXao
kT
’

where

Given the Condon factors and the basic spectroscopic data, it is a simple matter
to compute (p)AX with the aid of a digital computer. The results for the most
important molecular bands in air are plotted in Figs. 19-21, as a function of
wavelength for several temperatures in the range 4000 to 10,000”K. The Condon
factors used in the calculations for the Nz first and secondpositive and iYZ+ first
negative bands are those computed by Nicholls and co-workers (SO). Those for
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the IC’O @ and y bands were taken from IiMB. Ko sufficiently complete set of
Condon factors was available for the 02 Schumann-Runge
bands and we have
therefore computed them using an approximation
discussed in Appendix I. The
range of validity of our calculation of &)a~ is determined by the size of the table
of Condon factors used. The summation in Ey. (6) converges because the factor e--c,tl~T becomes small as the vibrational energy of the upper state, e,‘, be-
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FIG. 19. Theoretical
NO y and NO p bands.
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comes large. Thus our table must. include entries for sufficiently large value of
u’ to make kl’ << tic’. As ca11 be seen from t,he values of &,,,, given in Figs. 19-21
this criterion wu not TV-e11
satisfied for t)he higher t.emperntures. It is nevert,heless felt t,hnt the uncert,ainty in (~p)~~is probably less than the uncrrtninty in
the experimental results and is therefore of little practical importance for the
present applications.
CALCGLATION

0F

ELFXTH~NIC

~-xUMBERS

If the shock-heated gas is assumed to be in t,hermodynamic equilibrium Eq.
(8) may be used to compute the unknown f-numbers from the experimentally
observed radiation intensit,ies. In doing this me must bear in mind t,he rrst,riction
that the gas must, he optically thin ever~whrrc. Since the spectrum is composed
of n series of lines, a rough criterion for this is that’ the observed emissivity, 6X,
must be small compared to the ratio of mean line lvidth, w, to mean line spacing,
s. That is:
Qs/w << 1.
Values of s/w have been est’imnkd by Meyerott and KMB. Their \vork shows
that self-absorption for molecular band syst.ems is generally not important at
high temperatures as long as the average emissivit’y is less than 10%. This is
because of t’he many vibration bands, each with many excited rotational lines,
and the sufficiently broad Doppler xvidth. The Doppler width provides a definitive and reasonable lomer limit to the line lvidth. Of course, at the higher gas
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densities collisions increase the line width and decreaseany effect of self-ahsorption.
An experimental check that the gas is optically thin may be obtained by observing the dependence of the intensity on the density and thickness of the
radiating layer. Some evidence of saturation in the ultraviolet end of the spectrum was observed at the highest densities studied but in all other casesthe gas
appeared to be opt,ically thin.
In the casesstudied the radiation is the sum of contributions from overlapping
bands and continua, and an unfolding procedure had to be used to isolate the
contributions from individual sources. The successof this procedure is based on
the fact that the relative contribution to the total radiation from individual bands
is a function of wavelength, temperature and density, and it was therefore possible to select conditions under which the radiation from a single band could be
isolated by subtracting the contribution due to other sources. The criteria for
selection were that at least 50% of the radiation be due to the band under study
and that the calculated f-numbers be independent of temperature, density, and
wavelength over an appropriate range. The procedure is outlined below.
KRAMERS

RADIATIOP;

FROM O-

A preliminary step in the analysis was to subtract a small contribution due to
the Kramers radiation from O-. This is composed of parts denot,ed free-free and
free-bound radiation and associated respectively with scattering and capture of
electrons by 0.
The free-free radiation has been studied in the infrared by Wentink et al. (31)
who found that for an optically thin gas their data could be satisfactorily fitted
with an expression of the form:

-= dI

d AdDdX

with 2’ = 0.04.
The free-bound radiation may be inferred using detailed balancing arguments
from the photodetachment cross section, 6, for O-. The result for an optically
thin gas is:
___ dI
d AdfidX

= (T . 2/$,c2~-5[0-]p’kT”

The cross section, u, has been measuredby Branscomb et al. (27) from the threshold to about 4000A. A theoretical (32) curve which fits this experimental data
and predicts the absorption at shorter wavelengths is shown in Fig. 22.
0, SCHUMANN-RUNGE

BANDS

The f-number for the Schumann-Runge bands of O2 was deduced from the
data on pure oxygen shown in Fig. 14. The contribution from Kramers radiation
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points
Kivel

are t,hose measand is based on

was then computed
was subtracted out using Eqs. (9) and (10) and thef-number
from the residue using Eq. (8). The value obtained for the wavelength range 3300
to 4700A was f = 0.028 with an rms dispersion of ~!~0.008. Within the range of
values covered there was no significant variation with wavelength, temperature
or density.

The f-number for the NO fi bands was deduced from selected portions of the
data on air shown in Figs. 15, lBb, Itic, 17b, and 17c after subtraction of t’he contribution from O- Framers radiation and the 02 Schumann-Runge
bands. The
value obtained for the wavelength interval 3500 to 5000A wasf = 0.006 XJZ0.002
with no significant dependence on wavelength, temperature, or density.
NO

y

BANDS

The f-number
in Figs. 16a and
ously discussed.
was f = 0.001 f
ture, or density.
N2

SECOXD

for the ISO y bands was determined from the data on air shown
17s after subtraction of the contribution from the sources previThe value obtained for the wavelength
interval 2500 to 2700A
0.0005 with no significant dependence on wavelength, tempera-

POSITIVE

BANDS

The f-number for the Nz second positive
on air shown in Figs. 16a, 17a, and 18 after
the sources previously discussed. The value
2900 to 3300A was f = 0.09 f 0.03 with
length, temperature, or densky.

bands was determined from the data
subtraction of the contribution
from
obtained for the wavelength interval
no significant dependence on wave-
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Ban-us

The f-number for the Nz+ first ncgat,ive bands was determined from the data
on air shown in Figs. lcic, 17c, and 18 after subtraction of t,he contribution from
the sourcespreviously discussed.The value obtained for the wavelength interval
3300 to 4500A was f = 0.18 f 0.07 w&h no significant dependence on wavelength, temperature, and den&y.
N? FIIZST POSITIVE

BANS

The j-number for the K? first positive bands was computed from the data of
Figs. 16d, I ?d, and 18 after subtraction of the contribution from the sourcespreviously discussed. This band is the principal source in the wavelengt,h interval
6000 to 10,OOOAand a significant variation in the ~-number was observed. This
is in agreement with the work of Nicholls d al. (9) who studied the vkation with
internuclear spacing of the mahris element 1R 1appearing in the definitiou of the
f-number. Their result’s imply that the f-number for the Y? first positive bands
can be represented iu the form.
.f = .foo? p(+(m))

)

(11)

where foe is a true constant, X“,, is the wavelength of the 0, 0 transition, and
(~00)is the mean of the equilibrium internuclear spacingsfor t.he upper and lower
potential curves.
The correlation between (r) and X is remarkably close and is shown in Fig. 23.
For (TOO)
= 1.25A and XoO= 10460A, Eq. (I 1) gives a satisfactory representation
of the observations with fuo = 0.025 f 0.008.
RECOKSTRU~TION

OF RADIATION

The comparison of theory and experiment is shown by the curves in Figs. 14
to 18. In general the agreement is within the scatter of t,he experimental points.
There are, however, a number of minor discrepancies which require explanat,ion.
The first of t,hese,seenin Figs. 17a and 17h, is the tendency of t,he theory to overestimate the radiat’ion at high emissivities. This is attributed to self-absorption
of t.he radiation in the gas sample. If the value of line width to spacing is known
a correction for t)his effect may be made. Alternatively the value of the width to
spacing ratio may be estimated from the value of the emissivity at which t,he
radiation departs from the theory. Unfortunately neither our knowledge of the
width to spacing ratio nor the quality of the experimental data seemedt)o justify
a more thorough analysis of this effect,. The second discrepancy, seenin Figs. 16d
and 17d, is the tendency of the theory to underestimate the radiation at 6500A.
The issue here is confused becausetwo atomic lines, one from H (present as an
impurity) and the second from X, were inadvertently included in the wavelength interval studied. The final discrepancy is that seenin Fig. 18 in the wave-
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Turner and Nicholls for the N2 first posit,ive bands. See text for explanation of use.
length region around 5500A where the theory again underestimates
the radiation. Thk is a region in which radiation from the tails of ?Jz+ first negative, T2
second positive and NO p bands are important and a possible explanation may
be that t)he functions, (cp)A~ , describing the distribution
of radiation are inaccurate on their tails due to the incomplete tables of Condon factors used.
In concluding t’his discussion we note that any or all of t,he discrepancies mentioned above may be an indicat,ion that sources other than those considered are
contributJing to the radiation. However, the fact t,hat plausible esplnnat,ions can
be found in other considerations rules out, the possibility of a definit.ive statement,
on this point. One source of particular int.erest which one might expect to be important at low temperatures and high densities is X02 and it is conceivable that
some of the observed discrepancies may be associated with radiation from this
molecule. A second source important at high t)emperat,ures and low den&k
is
Kramers radiation from atomic and molecular ions. Estimntcs of the radiation
from this source have been made assuming an effective 2 of one and it appears
to be negligible for the conditions of the present, experiment.
C~LLI~IOX

LIMITIN+

0~

RADL~TI~X

In the interpretation
of our results the assumption of local thermodynamic
equilibrium
has been made. Evidence t’hat the major adjustment
in energy
among t,he int,ernal degrees of freedom of Dhe gas has occurred is fairly easy t,o
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obtain. The fact that the radiation is constant for incident shocks and rises linearly for reflected shocks shows that the temperature of the gas is not changing
appreciably. Another indication is that the ratio of the reflected and incident
shock speeds is correctly given by the equilibrium theory. The fact that the major
adjustment in energy has occurred, however, does not guarantee that the highly
excited states from which the radiation originates are in equilibrium. An optically
thin gas sample is out of equilibrium due to unbalanced energy loss by radiation
and these states may be more rapidly depopulated by radiation than they can
be populated by collisions. If this is the case the radiation is said to be “collision
limited.” Under collision limited conditions one may have steady state radiation
at a value considerably less than the equilibrium value.
One method of distinguishing between equilibrium and collision limited radiaCon is to study the absorpt.ion coefficient.. Under equilibrium conditions, application of detailed balancing arguments requires emission and aborption coefficients to be related by the equation
Q = (1 - ,-Ph’L).

(12)

Failure to satisfy this relation may indicate collision limiting of the radiation.
Unfortunately,
under conditions where one would expect collision limiting to occur in shock tubes the absorption is so small that it cannot be easily measured.
An alternative procedure, employed in the case of the present experiments, is
to study the density dependence of the radiation. If the population of the radiating state is to be maintained by collision processes then the rate of depopulation
of this state by radiation must be small compared to the rate of depopulation by
collisions. Assuming deact’ivation to occur in a binary collision with a particle, 5,
we can write as a necessary condition for equilibrium radiation:

1 LB]<<

7,

~m4BI[Xl,

(13)

where 7, is the radiative lifetime of the radiating state, [B] is the concenbration
of particles in the radiating states, (TBXis the cross section for deactivat,ion by
collision with X, 2)B9 is the mean velocity for the collisions between B and X,
and [X] is the concentration
of X. Introducing
rx , by means of the equation:

[X] = 2.7 X 10” ; rx,
we may write

(14)

Eq. (13) in the form:
u&y >> UC = 9 x 10 -18 ~f -PO Tlo4
A”

p

(

1’2 M Bx1/2
>

1
-3

rX

(15)

where X is the wavelength in microns, T is the temperature in “Ii, and Msx is
the reduced atomic mass for collision of B and X. The cross section (TVis plotted
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at the

of the parameter

for several values of A in Fig. 24. If the deactivation cross section, gBX , is known,
Eq. (15) defines the density range over which the equilibrium assumption VKL~
be valid. If the deactivat,ion cross section is not known, Eq. (15) implies that it
may be measured by determinin g t.he density at which the radiation begins to
fall below the equilibrium value.
At the present t,ime, cross sections for deactivation of the radiating species important in air are unknown. The experimental indication (33) is t,hat diatomic
molecules, deactivate electronic stat’es with cross sections of the order of 5 X lo-l5
cm* (and on occasion they are even larger). The electronic energy goes into cxciting the vibration of the diatomic molecule. In view of this data we may estimate the critical densities above which equilibrium radiation may be expected
for the temperature range of interest by setting oBX = lo-l5 cm2 and giving rxits maximum value of 2. These are shown in Table III. It will be noted that in
some cases these critical densities are less than a factor of 10 greater than those
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III

TABLE
DENSITIES

~VESTINIi,

Rno~a~ros
FROM
ON A 11~.EXCITATION

VARIOUS

BANI)

CROW

Iland system

IS “COLLISIOS
OF lo-l5 cm2

SYSTEMS

SECTI~S

Critical density + pn

02 Schumann-Runge
x0-y
NO@
Xi? first positive
N? second positive
Nz+ first negative

0.0055
0.0009
0.0013
0.0010
0.031
0.018

for which measurements were made in the present experimrnt’s.
Since a satisfactory fit to the data, down to the lowest densities, was obtained by assuming
equilibrium populations, me can conclude t,hat, averaged with respect to all particles, the cross sections for deactivation by collision are of the order of 10-l’ cm’.
A preliminary attempt was made to reach a collision limited situation in pure
oxygen. The results are shown in Fig. 25 where the apparent electronic f-number
is plotted as a funct,ion of density for a temperature
in the neighborhood of
4000%. For densities from p = 0.02 to 0.2 p0 the f-numbers are constant within
t,he scatter of the data. At higher densities there is a fall-off which can be attributed to the fact that self-absorption
is becoming important. There is no indicntion of a fall off at low density, however. It was not possible to extend the data
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to lower densities due to the fact that the test time became too short to allow
the radiation to relax t,o a steady state value. The results as they stand imply a
lower limit on the deesitation cross section for the O> Schumann-Runge bands
of 10-l” cm’. The study of the collision limit,ing of radiat.ion is a very promising
t)ool for t,he det’erminntion of deact’ivation cross sections nild further work on this
problem is contemplnt,ed.

There are a number of previously published reports with which we may compare the present work.
In a letter to the Jownal
of Chemical Physics, Keck ct al. (3/t) quoted an
“effective ,f-number” of 0.015 for the Schumann-Runge bands of Opwhich is significantly smaller than the value f = 0.028 given in the present report. The difference, however, is in the definition of t.hr “effectivef-number”
of t#hesimplified
theory of KMH used in the earlier analysis. The quantity in the present theory
which is equiralent~ to the “effective j’-number ” is jam which is 0.015 in sgreement wit’h the earlier work.
In absorption experiments at 1470A Watanabe and co-workers ( 7) have measured an f-number of 0.16 for the Schumann-Runge bands. Correcting this value
for the n-a,velength-depeiident factor cont’ained in the definition of the f-number
implies a value of O.Otiat a wavelength of 4000Li t,o be compsred wit)h our value
of 0.028. The remaiuder of t’he difference could be due to a fall off in f-number
with increasing nuclear separation similar to that observed for the Nz first positive bands (9) but might also be at,tributed t#oexperimental error.
The radiative properties of shock-heatSedair have also been studied by Wurster et al. (17). They give a detailed curve of the absorption coefficient of air at
a tjempera,ture of 4380°K and density of 4.0 poover the wavelength range 2590
to 2880A which implies an average value of 0.8 cm-’ for the interval 2600 to
28OOA. The present work indicates that under t’heir condit’ions the contributions
t!o the ab,$orpt)ion coefficient from the O2 Schumnnn-Runge, NO /3 and X0 y
bands are respect.ivcly O.Z8, 0.20, and .0-J-cmC’ giving a total of 0.62 cm-‘. Considering the difficulties inherent in shock tube experiments of t,his type the agrcement is considered excellent.
The 50 y band absorption coefficient has recently been measured by Weber
and Penner (6) using self-broadening to eliminate rotational struct,ure. They obtained a value for the elcct,ronic f-number of 0.0025. More recently Dieke and
co-workers (3.j) at’ Johns Hopkins University using high resolution spectroscopy
have indicated in a progress report that the value might be somewhat smaller
(0.0013). The lat,ter value is favored by our results.
To conclude, we believe that the present work provides a fairly complete picture of the radiative properties of osygen, nitrogen, and air in the temperature
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range 4000 to 9000”B. In general the comparison with other work is very satisfactory and indicates that the techniques employed are sound. It is clear that
the shock tube has a tremendous potential for spectroscopic
problems and, in
particular, for the determination of f-numbers. The exploitation of this potent.ial
is sure to add much to our understanding
of t.hese problems.
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APPENDIX

A. APPROXIMATION
TO THE CONDON
02 SCHUMANN-RUNGE
SYSTEM

FACTORS

FOR

Condon factors for the 02 Schumann-Runge bands have not been calculated
for large values of v’. For this reason a simple approximation was used to estimate these probability factors based on the empirical observation that in the
case of a similar band syst.em, t.he KO P bands, t.he Condon factors for a given
upper state plotted as a function of the classical turning point for the lower state
looked very much like t,he wave function for the upper state. In this approximation the Condon factors ~~lV~~ are given simply as:

where

is a factor proportional bo the time a molecule in the 21”state spends in the
vicinity of the classical turning point, r,~f , and #*f (rV,f) is the Morse wave
function for the v’ state evaluated at r,f~ The approximation is equivalent to
replacing the wave function in the lower state by a delta function at the classical
turning

point

and normalizing

so that the sum rule

is obeyed. The approximation was checked in the caseof the NO 0 bands by comparing it with result,s of KMB. Except for a small shift in the positions of the
maxima and minima of the curve of qy~z)‘tversus v” the agreement was remarkably
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good and indicates that no significant errors should be involved in the use of the
approximation for calculating the average emission of similar bands, particularly
at high t’emperatures where large values of v’ are involved.
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