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Abstract

AD 655211

The simple classical model for the scattering of gas
atoms from a solid surface as described recently by Logan
and Stickney [J. Chem. Phys. 44, 195 (1966)] is further
developed and the basic assumptions are examined in detail.
The analysis is modified so that a closed-form expression
is obtained for the angular distribution of the scattered
atoms. With this expression it is possible to identify the
principal parameters of the model. The theoretical results
are in qualitative agreement with recent experimental data
for the scattering of a molecular beam from a solid sur-
face. A closed-form expression is also obtained for the
dependence of the velocity distribution of the scattered
atoms on the angle of scattering. The analysis is extended
to include, in an approximate manner, the effects of sur-
face roughness and a square-well gas-surface potential.

Nomenclature

Mass of gas atom

Mass of surface atom
Mass ratio M/m
Temperature of gas beam

HT B =
e nan
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50 RAREFIED GAS DYNAMICS

'1'S = Temperature of surface
60 = Incident angle, measured from surface normal N
81 = Qutgoing angle, measured from surface normal
in plane of incident beam and normal
u = Incident gas velocity (normal component u_ ) -
o 0 ‘
u; = Outgoing gas velocity (normal component unl)
ﬁno = Mean incident normal gas velocity
VR = Relative velocity of gas and surface atoms
v Velocity (normal to surface) of surface atom
before collision
Fo(uo) = Normalized velocity distribution in incident beam
Go(vo) = Normalized velocity distribution of surface atoms
B =1E¥ 400 coto, - 1-¥ cos @
1 2 o 1 2 o
BZ = l-%—g sin 60 cosecz 91
B3 = gin elfsin &O

I. Introduction

Recently we proposed and analyzed a simple classical
model for the scattering of gas atoms from a solid surface.
Since the theoretical results were shown to agree surpris-
ingly well with the general, qualitative features of exist-
ing experimental data, we suggest that this elementary model
may provide a valid base for the development of a more exact
scattering theory. The purpose of the present paper is to
investigate and improve the original model by identifying
the prinecipal parameters, examining the underlying assump-
tions, computing additional properties, and making further
comparisons of theory with experiment.

The basic assumptions of the model are summarized as
follows:

(1) Both the gas atoms and surface atoms are repre-
sented by rigid elastic particles (i.e., the intermolecular
potential is impulsive).

(2) Collisions with the surface do not change the
tangential component of the gas atom (i.e., the surface is o
perfectly smooth).

(3) The surface atoms are represented by independent
particles confined by a square-well potential.

(4) The velocity distribution of the surface atoms is
assumed to be Maxwellian.




RAREFIED GAS DYNAMICS 51

Figure 1 aids in the description of the model and the
analysis. A gas atom of mass M, velocity u_, and angle of
incidence 6 collides with a surface atom of mass m and
velocity v ? and it is scattered with velocity u, at angle
6,. Since the tangential component u 1s unchanged accord-
ing to assumption (2), only the changé in the normal com-
ponent need be considered. It follows from assumption (1)
that an expression for Uiy the normal velocity component
of the scattered gas atom, may be derived simply from the
classical mechanics of rigid, elastic bodies,

- Lo U 2
Unl 1+ uy Yno * 1+u Yo 1

where y is the mass ratio, M/m. With this knowledge of u 1
we may now determine 6, by using an expression derived
from the geometry shown in Fig. 1:

cot 61 = (unlfuno) cot 80 (2)

Since Eqs. (1) and (2) enable one to determine 6, for any
combination of u__ and v_, an expression for the scattering
pattern (i.e., the angulgr distribution) may be derived for
any choice of distribution functions for U and V-

II. Closed-Form Expression for Scattering Pattern

In reference 1 two methods of analysis of the model
were described. The first was an approximate method based
on mean speeds; this gave a closed-form result, but only for
the position of the maximum of the scattering pattern. The
second method yielded the full scattering pattern, but nu-
merical integration was necessary. A third method is now
presented in which a closed-form expression for the com-
plete scattering pattern is obtained.

We assume that the fraction of gas atoms having double
(or multiple) collisions with the surface is negligible.
This is a good assumption over a wide range of practical
conditions, as is seen from Fig. 4 of reference 2. Further-
more, it is unlikely that the simple model considered here
can correctly deal with double collisions. Under these con-
ditions the differential rate at which collisions occur
between incident gas atoms and surface atoms is given by

'dzn = VRFo(uo)Go(vo).duodvo (3
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The probability distribution for scattering is obtained by
writing v _ = vo(uo,el). integrating over u  and dividing by

the number of particles striking the surface per unit time

no %
v
1l dR 1
= ®. "3 f VRFO(uO)GO(vO) 36 duo (4)
no 1 no 1
u =0
o
By eliminating u_, from Eqs. (1) and (2),
- (L _iw =
L ( 2 sin Bocot 81 7 cos Bo)uo = Bluo (5)
Hence,
av
ol 14+u 2
__391 (—2 sin Bocsc Bl)uo = l.’;zuc| (6)
and
VR = u _cos 80 + Y (cos BD+ Bl)uo (7)

By using Egs. (5), (6), and (7) in 'Eq. (4), we obtain

1 a4 _ 1 f
e f (cos 6_+B,)B,u’ Zp_(u)G, (Bu )du, (8)
no 1 no & =0

The Maxwellian velocity distribution for gas and surface
atoms are

2
3/2 - Mu
4 2 | M [
Folugddu, = 1/2 %o (ZkT ] exp(ZkT )duo %
L g g
o 1/2 (-mvo
Go(vo)dvo = (E;ET;) exp EET;') dvo (10$)

By using Eqs. (9) and (10) in Eq. (8) and 1ntegrating, we
obtain

1 dR mT 2 -5/2
"J'_—a ( ) B (1+Blsec8°)(1+H—T‘§ Bl) (11)
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This equation gives the probability for scattering into
unit angular range at angle 8.,. The scattering patterns
given by this equation agree closely with those given by
the full analysis in reference 1. It should be noted that
Eq. (11) gives the angular distribution of the flux of gas
atoms leaving the surface; in cases where the experimental
detector measures the density of scattered atoms, an alter-
native expression should be used (i.e., Eq. (21) of Section
111).

According to Eq. (11) the scattering behavior depends
only on the parameters Bo’ p and HTs/mT . In Fig. 2 we
plot the position of the peak of the lobe against MTsfmT
for two values of 8 and p = 0.37 (corresponding to A on
Ag). Some points from the corresponding experimental data
of Saltsburg and Smith3 are shown on the same figure. While
there seems to be significant qualitative agreement between
theory and experiment, the actual agreement is not as good
as in many of the cases considered in reference 1. This
may be due to the fact that for uy as large as 0.37, a con-
siderable fraction of the gas atoms have double collisions,
and these have been neglected. Furthermore, the model does
not take into account the possibility of more than one atom
of the solid being involved in the collision. We note that

that the quantity (MT /mT )1)«2 corresponds to the ratio of

the mean speed of thessolﬁd atom to that of the gas atom.

The fact that we have treated the surface atoms as
confined to rigid boxes, rather than as particles with har-
monic motion, could cause errors in the following two ways:
(a) In the oscillator case the relevant velocity distribu-
tion to use in the analysis would be different from the
simple one-dimensional Maxwellian G (v ); it would, however,
be closely similar in form. (b) The pgobability of a double
collision between the gas atom and a surface atom is dif-
ferent in the two cases because the motion of the surface
atom after the first collision is different in the two
cases. We consider, however, that the present model is
inadequate to deal with double collisions, and thus there
would be little advantage in this respect in introducing a
harmonic oscillator.

III. Velocity Distribution of Scattered Atoms

At each value of the outgoing angle 61, the scattered
atoms will have some distribution of velocities. We now
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calculate this velocity distribution using methods similar
to those employed in Section II.

The probability for scattering into unit angular range
at 6, and into unit velocity range at u, is obtained by
differentiating Eq. (3) with respect to ul, giving

2 ‘l

Lo AR iw(u)G(v)
where u and v_ must be written in terms of u, and 91.
Since the tangential velocity is unchanged, we have

- (12)
I deldu1 v Ro

u = (sin Blfsin Bo)ul = BSUI (13)
and
Buo
EEI = By . (14)

By using Eqs. (13) and (14), together with Egs. (5), (6),
and (7), in Eq. (12), we obtain

2
1 ‘R .1
T Bao v BZB u (cose +B )F (B3 1)0 (BIB )
171 o o (15)

=1}
=]

By substituting from Egs. (9) and (10), and introducing the
dimensionless velocity
1/2

U iy (EE¥;)

Equation (15) becomes
2 1/2

T mT
y a%. & ™ g) ( z) ﬂ
(HTS 2 3(1+B sech )U exp[—B 1+ﬁf531 U

:I|

E daldu A2
(16)

It can be shown that Egqs. (11) and (16) satisfy the
condition

il_ -/'_lei_ du = ﬁ;_. %%. .
n 1 no 1

The velocity distribution at any angle 67, normalized with
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respect to integration over velocity, is then given by

2
d"R/d01dU
B ) e L EENICE
¢ dR/d8,
T 5/2 "mT
8 5f."p 2 4 2 2\ 2
172 B, (1+—3m,s Bl) U exp[—BB (1+M—T§ Bl)U] an

This last expression gives the velocity distribution of the
flux of atoms leaving the surface at any angle 6.. The
corresponding expression for the density of scat%ered atoms
is obtained by dividing Eq. (17) by U and renormalizing
with respect to velocity to give

T 2 mT
_onbli, o 22\ T3 2 g 22\.2|
Pd(U) 283 (l+ ms Bl) U exp [-33 (1-!- MTS BI)U ] (18)

The most probable velocity at any angle 6., for either
flux or density distribution, is obtained by setting the
derivatives of Eqs. (17) or (18)

T -1/2
oo x a2 L o M ua
(Flux) U (8)) = 2 B, (1+ MT_ Bl) (19)
1/2 mT -1/2
(Density) U; (81) = (%) El-(l+ ETE Bi ) (20)
3 s

In Fig. 3 we show typical curves obtained from Eq. (17).

In experiments with modulated molecular beams it should
be possible to measure, as a functipg of el,*a velocity cor-
responding approximately to either UE or Ud' No results

would seem to have been published in this form, but in Fig.
4 we show typical curves of U; versus 6. for various values
of TS/T . The existence of a maximum for each of these
curves %s explained by consideration of the following two
opposing physical effects: (a) For a given incident velo-
city u_, those atoms which receive the greatest impulse
from tfe surface, and hence have the greatest outgoing
velocity, will lie closest to the normal. (b) For a given
impulse from the surface, those atoms with the smallest
incident velocity, and hence the smallest outgoing velocity,
will lie closest to the normal.
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It is also possible to define an energy accommodation
coefficient as a function of 6, based on the velocity U*.
We do not consider this to be a useful parameter in this
situation, however, particularly s =zce it generally takes
the values *» when T = T .

For comparison #1th 8ata from experiments using a den-
sity sensitive detector, an approximate expression for the
scattering pattern is obtained by dividing Eq. (11) by U?

to give
1/2

1 dR mT mT 2 -2
S e, " \mE ) BBy (148 8ect ) (1t g By ) 2l
Uf Uo 1 s s

It is found that the qualitative behavior of the curves
given by Eq. (21) is the same as that of the curves given
by Eq. (11) under nearly all conditioms. Equation (21) does
not represent a normalized distributionm.

IV. Gas-Surface Potential

The use of a "soft" repulsive potential, rather than
an impulsive potential, between the gas atom and the sur-
face atom would introduce many complications and uncertain-
ties. It is relatively simple, however, to introduce a
stationary potential well, which the gas atom falls into
before collision and climbs out of after collision. Such a
stationary potential well is fairly realistic, since the
attractive potential is due mainly to long range forces
averaged over many surface atoms.

Let the well depth be E, and let the subscript E denote
quantities in the well. The scattering distribution is
still given formally by Eq. (4). In this case Eq. (1)
becomes

e Aoy 2
“nlE 1+ “noE ¥ 1+48 ‘o (22)
2 . 28, 1/2
where U g = (unl+ ™ ) , etc. Eq. (2) still stands,
and we obtain from Eqs. (2) and (22)
v = s 281 28 cot28 + 25)1;2— l:E(uzcosze + ggjlfz
) 2 Yo R 1 M 2 0 o M

m

vo{uo). (23)
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In this case

VR = unc:EI + vo (24)

Proceeding as in Section II, and defining the dimensionless
quantity W = E/kTg, we obtain

0o
I dRg _ 1 (!+jac) s> B, Cob9| (al 3 1&1‘3)}5.
Upe 48, Tpoe \ 2 cot® B, cos “noe (e = W M

2“@?
{ | + r{ - uwe‘x _S"_E';.gl iﬁfa J {}ﬁ[&n(ﬂnﬁ]gﬁ;{u“ wefdu,

col
(25)

Scattering patterns are shown in Fig. 5 for the conditioms
Bo = 45°, Tsz =2,0, w=0.,02, and W = 0.0, 1.0 and 10.0.

It is seen that the effect of increasing W is to shift the
peak of the lobe towards the normal and to broaden the
pattern.

V. Surface Roughness

We now eliminate assumption 2 (Section I) by intro-
ducing a surface roughness into the model. It immediately
becomes necessary to consider a full three-dimensional
scattering pattern rather than the somewhat artificial two-
dimensional patterns. We use the coordinate system shown
in Fig. 6, referring to 6 as the in-plane angle and to ¢
as the out-of-plane angle. The xy-plane represents the
ideal flat surface, and the angles o and o measure the
deviation from a flat surface at any point.y We charac-
terize the over-all surface roughness by the normalized
distribution functions pl(ax) and pz( a ).

In comparing the theory with experimental data in this
case it is important to consider certain aspects of the
detection system. For example, if the detector, which pre-
sumably subtends a small in-plane angle, subtends a large
(v25°) out-of-plane angle, then it effectively integrates
over the out-of-plane scattering. The extent of this
effect will clearly depend on the relative widths of the
detector and the out-of-plane scattering. Since the
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theoretical expression is different for the cases with and
without integration, it is important to know the details of
the detector geometry. It is important to observe that the
analysis in the previous sections assumes integration over
the out-of-plane angle.

Proceeding as in Section II, the probability of scat-
tering into unit solid angle at position (8,¢) is given by

2

1 d"R
uno dbdsing
" F 3\;0 30
= WI]VRFO(HO)GO(VO)Q (Cl. )p (0’- ) a¢ du dCf.
(26)

where ¥ and o are written in terms of u, and a - The
extra cos¢ arIses because the element of solid angle is
dQ? = cosbd¢d6 . By assuming the coordinate rotations o
and a_ are small, and keeping terms up to first order
we obtain

v = [yi-— sinﬁ cotf - l%u cose

H -
+o_[LE (sind cscze + cosf cot®) + LY gine u
x| 2 o o 2 o o

m

Al(ux) uy (27)

Similarly 32 [Eq.(6)] becomes Az(ax) by differentiating
Eq. (27). We also obtain

ay = ¢/(cosb + sinﬁcoteo) = A4¢ (28)

Hence Eq. (26) becomes

a’rR = 1

dBdsin¢ uocoseocosdz

L
u
no

3 2
ff[cosec + A1]A2u Fo(uo)Go(Aluo)pi(ux)pz(A4¢)A4du°dux
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The u, integration may be carried out as in Eq.(1l) to give

1/2
1 _d*%®R  _ 13 (ng
U_  dedsing cos¢ & \MT
no s

N

mT
. g ,2
jA2(1+ A seco ) (1+ MT_ A1) A4y (a ), (A 8)da, (29)

L

We note that Eq. (29) contains an expression formally the
same (with B's replaced by A's) as the flat surface distri-
bution [Eq.(11)], multiplied by a term representing the
roughness and integrated over a_. To evaluate this integ-
ral, we take Py and P, as equal” Gaussian distributions

2
pi(a) = p,(a) = Jﬁ) exp ((a{;z)

and make the approximation

mT 2 _'é‘ 5 mT 2
(14—;&31&1) = exp (-E'ﬁaAl) (30)
s s

Keeping terms to lowest order, we obtain

1 d’r
u dodsing
no
2 B2 B2
9 e § _1
BT 4475 8\ v/~ 5mT_ %5 ga) ©
(31)
where
2 2
B = <a> (cosh + sin&coteo)
2. 27 + <> sin?e [1+ LY coro(coto+ coto )2
Y 5 oT_ > sin T, z ¢ oY

It may easily be verified that, for small values of £ and
Y, the integral of Eq. (31) over all angles is conserved

and has the value of 3/4 ¥2w/5 = 0.83. The reason the value
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is not unity, as it should be to conserve the total flux,
is the result of the approximation Eq. (30) which falls off
too rapidly for large Bl.

For cases in which the detector is comparatively wide
in the out-of-plane direction, we need to integrate Eq.(31)
over the angle ¢. The scattering distribution is then2

B B}

. 5 _
L. 3fF| 3(3_1) 1Ms) o 2 (1, Y
T__ do 4 A5 ?Ev“smg““o’é'é’ €

no

(32)

For the case of zero .roughness (i.e. <o’ ;? = () this
expression reduces to Eq. (11) within the limits of the
approximation Eq. (30).

Typical results from Eq. (31) are shown in Fig. 7 (in
calculating these curves terms to second order in o  were
retained), indicating that the shape of the in-plane scat-
tering patterns, and hence the position of the lobe peak,
is not very sensitive to the value of the roughness para-
MT

meter for <a )F'%-EEE fsinZBO[L+l§2cote(cota+cot8082 5

g
On the other hand, the half-width of the out-of-plane
scattering is of order 2 <a> , and measurement of the out-
of-plane scattering should be a useful way of investigating
the surface roughness. The dashed linme in Fig. 7 corre-
sponds to the integrated case with <a)> =0, obtained
from Eq. (32).

Similar curves are shown in Fig. 8, but in this case

MT
the parameter ;?5 has been varied at fixed <oa)> . In
g
this case the half-width of the out-of-plane scattering is
MT
not very sensitive to the value of ;?ﬁ . In fact, in
B
the lowest order approximation [Eq.(31)] the quantities
M.TS
— and ¢ are uncoupled.

mT
g
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VI. Conclusions

The model presented here has the important attribute
that it yields closed-form expressions for both the angular
distribution and the speed distribution of gas atoms scat-
tered from a solid surface. Due to the many simplifying
assumptions, however, it is likely that the model becomes
invalid when the following conditions apply: (a) the mass
ratio is large, so that multiple collisions cannot be neg-
lected, (b) the temperatures and masses are such that more
than one solid atom effectively takes part in the collision
("slow" collision), (c) the energy of the incident atom is
sufficient to displace the surface atom far from its equi-
librium position, (d) the deBroglie wavelength of the gas
atom is such that quantum-mechanical diffraction occurs,
(e) the well-depth of the gas-surface potential is large
compared to the incident energy, (f) the internal degrees
of freedom (rotational, vibrational, and electronic) are
affected by the collision. In general, we expect the model
1s%be8t for the rare gases of thermal energy and with
u < 0.3.

Some important characteristics of the results are as
follows:

(1) The principal parameters of the scattering dis-
tribution are 60, U, and HTS!mT . Hence, plots of Bl vs

HTsfmT (Fig. 2) should ‘be a convenient means of corre-
lating experimental data.

(2) The velocity distribution of scattered atoms is
not Maxwellian, and the most probable velocity varies
markedly with 6,.

(3) The out-of-plane width of the scattering patterns
does not depend strongly on the gas or surface temperatures.
The out-of-plane scattering should be a useful measure of
the surface roughness.

Experimental investigation of these characteristics
would be extremely valuable.
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Fig. 3. Velocity distributions of the scattered gas
atoms for various values of the outgoing angle ©
calculated from Eq. (17).
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Fig. 4. Dependence of the most probable velocity of
the scattered atoms U* on outgoing angle @
values of TsiTg, calculated from Eq. (19).
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Fig. 5. Scattering patterns for various values of the
well-depth parameter W.

Fig. 6. Coordinate system for rough surface. The xy-
plane represents the ideal flat surface, and fi represents
the normal to the actual rough surface at the origin. ’
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DISCUSSION

KOGAN M.N. - In connection with last two ve-
ry interesting reports I should like to
point out some works, the ideas and results
of which are close to the reported.

First of all I should like to refer the
work of Frenkel:Ja.I. ("Uspekhi Fisiches -
kikh nauk" v. 20, N 1, 1938), in which he
substantiated the vglidity of using the sur-
face free-atom modél for the highly energe-
tic incident molecules. This model was stu-
died in deteil by Barantsev R.G. (Symp. "Ra-
refied Gas Aerodynamics" v. 2, Ed. by
vellander S.V., Leningrad State uUniv. Publ.
House) for the closelg packed surface atoms,
and by Erofeev A.I. ("Ingenerni jurnal" v.4,
N 1, 1964) for the grid with the arbitrary
pitch.

Erofeev A.I. "Jurnal Priklednoy mekhani-
ki y tekhnicheskoy fisiki", v. ¥ , N 3,
1966) also studied the interaction of diato-
mic molecules with the surface.

The effect of the roughness on the acco-
modation coefficient was considered by
Barantsev R.G. 7Symp. "Rarefied Gas Aerody-
namics", v. 1, Ed. by vallander S.V., Lenin-
grad State Univ. Publ. House, 1964), and
for the particular model- by Erofeev A.I.
f"Ingenerni Jurnal™, v. 5, N 5, 1965).
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